Let R be a filtered ring such that the Rees ring R of R is left Noetherian. It is Ž . observed that if T is a left Ore set of the associated graded ring G R consisting of Ä Ž. 4 homogeneous elements then the saturated set S s s g R, s g T is a left Ore set of R. This lifting property is used to obtain local-global results on R Ž . which simplify some microlocal-global results in the literature. If G R is positively graded and commutative then certain structure sheaves on R are constructed.
INTRODUCTION
The theory of algebraic microlocalization, which has its roots in the algebraic study of systems of linear differential equations with holomorw x phic coefficients KKS, GQS , has been developed by several authors in w x recent years, e.g., Spr, Gin, VE1, WK, AVVO . Roughly speaking, if R is a filtered ring and ⌺ is a multiplicatively closed subset of R such that the Ž . corresponding subset ⌺ of homogeneous elements in the associated Ž . graded ring G R is a left Ore set, then ⌺ is generally not a left Ore set of R and hence one cannot localize R at ⌺. Nevertheless, one may construct Ž . a complete filtered ring Q R which is called the microlocalization of R ⌺ Ž . at ⌺ such that there exists a canonical filtered ring homomorphism Ž . Ž . Ž . Ž . : R ª Q R with the properties: 1 s is a unit of Q R for every ⌺ ⌺ Ž . s g ⌺; 2 if f: R ª A is a filtered ring homomorphism, where A is Ž . complete and f s is a unit of A for each s g ⌺, then there exists a Ž . unique filtered ring homomorphism g: Q R ª A such that g ( s f. Ž . Ž . Ž w x. Section 2 then Q R sQ R cf. Sao , and if ⌺ is a left Ore set of
Ž . R then Q R s ⌺ R where the latter is the completion of ⌺ R with ⌺ y1
Ž w x . respect to the localized filtration on ⌺ R cf. AVVO .
However, in order to obtain some localization-like properties of microlo-Ž . calizations, such as the important exactness of the functor Q R m y in ⌺ R w x AVVO , the microlocal description of modules with regular singularities w x in VE2, LVO1 and the microlocal description of dimension theory and w x the Auslander regularity of filtered rings in Sao , the Noetherian condi-Ž w x. tion even the Zariskian condition in the sense of LVO2 has beeñ Ž assumed on the Rees ring R of R although the ⌺-Noetherian condition w x on a filtered ring was used in VE2 , it was proved that this condition is w x. equivalent to the Zariskian condition; see LVO2 . Under the assumption that R is left Zariskian the microlocalization theory has also been used in the construction of sheaves of quantum sections which has been connected w x w x to the study of noncommutative algebraic geometry in SVO and LBVO .
In the present paper, after giving some necessary preliminaries we first observe the fact that if the Rees ring R of a filtered ring R is left Noetherian, Ž . then any left Ore set T of G R consisting of nonzero homogeneous Ž . elements may be lifted to a saturated left Ore set in R, resp. in R.
Ž . Consequently the microlocalization Q R of R at a multiplicatively ⌺ closed subset ⌺ is nothing but the completion of a localization of R at an Ž . Ore set Section 2 . This fact motivates us to revisit the microlocal-global w x results of VE2, LVO1, Sao and to obtain a local-global analogy by using Ž . Ž . localizations at Ore sets Sections 3, 4 . Moreover, if G R is positively Ž .
g graded and commutative we lift the classical graded structure
Rrespectively in a natural way Section 5 .
PRELIMINARIES
All rings considered in this paper are associative rings with identity 1. Unless otherwise stated, module means left unitary module. For the readers convenience we recall some basic notions on filtered rings and filtered modules. By a filtered ring we mean a ring R with a filtration x w x filtered ring we refer the reader to LVO2 and LVOW . We also refer the w x reader to LVO2 for some typical examples of Zariskian filtered rings. In particular, if a filtered ring R has discrete or positi¨e filtration such that Ž . G R is Noetherian then R is a Zariskian ring, hence R is Noetherian.
LIFTING ORE SETS AND BASIC PROPERTIES
In this section we first discuss the lifting property of a homogeneous Ore w x set and then, by using the dehomogenization method given in LVO3 we derive some basic properties of lifting Ore sets.˜˜Ž Let R be a filtered ring with filtration FR. We write : R ª Rr 1 y
1˜.
Ž . X R s R, : R ª RrXR s G R for the natural homomorphisms, and 2 we define the -function on a filtered R-module M as usual:
ng‫ޚ‬ n Ž . Suppose that T is a multiplicatively closed subset of G R consisting of Ž nonzero homogeneous elements i.e., 1 g T and t , t g T implies t t g follows that the first Ore condition holds. Since R satisfies the ACC on left annihilators it is well known that the second Ore condition follows from Ž w x . the first Ore condition e.g., GW, Proposition 9.9 .
Ž .

COROLLARY. Let R be left Noetherian. If T is a left Ore set in G Rc onsisting of homogeneous elements, then S is a left Ore set in R and S is a left
Ore set in R.F rom now on we assume that R is left Noetherian.
Ž .
Let T be a left Ore set in G R consisting of homogeneous elements, and S, S be the saturated Ore sets obtained from T. Using the notations as before and considering the corresponding localizations we obtain
ote that S R is a ‫-ޚ‬graded ring and X is again a central regular y1˜w x element of degree 1 in S R; it follows from LVO3 that the following proposition holds.
PROPOSITION. Let the notations be as abo¨e.
y1˜y1Ž
.
S R is the dehomogenization of S R with respect to X in the sense
of LVO3 , hence S R is a filtered ring with filtratioñ s S R where the latter is the completion of S R with respect to its filtration Ž Let M be a filtered R-module with filtration FM note that any . R-module may be filtered with respect to FR . If we consider the Rees module M of M then we also have: .
S M is the dehomogenization of S M with respect to X, hence
Ž . 3 Let ⌺, S, and S be as in Corollary 2.4. Then Q M s S M where 
is the microlocalization of M at ⌺ as constructed in AVVO and
⌺ $ y1 y1
S M is the completion of S M with respect to its filtration topology,
-module. It follows from Corollary 2.5 that S MsS M is a finitelỹ y1˜y1 Ž . generated S R-module and hence F S M is good.
Ž .
2 This may be directly checked. w x 2.7. COROLLARY AVVO Corollary 3.20 . Let ⌺ be as in Corollary 2.4.
Ž . Ž . 1 The functor Q R m ᎏpreser¨es strict maps and is exact on R-
⌺ R modules. Ž . Ž . Ž . 2 If M g R-filt has a good filtration FM then Q R m M ( Q M ⌺ R ⌺ Ž Ž . .
Ž . as filtered R-modules also as filtered Q R -modules , and as a Q R -
Proof. Let S and S be as in Corollary 2.4. Then by the foregoing
cokernel. Therefore S f : S M ª S N is strict and hence roof. Since S R s S R the latter is a left Noetherian ring. It remains to show that X is contained in the graded Jacobson radical .Ž . element 1 y X s r s r is invertible in S R. If s r s as with a g R˜˜˜˜˜˜˜1
y Xar . Since S is saturated s s y Xar g S, it follows that 1 ỹ˜˜˜˜1 . filtered E-ring R at a prime ideal p g Spec G R , and a microlocal characterization of holonomic modules with regular singularities has been w x w x given first in VE2 by using microlocalizations of E-rings, then in LVO1 by using microlocalizations of strongly filtered rings. In view of Section 2 the aim of this section is to give a local-global description for holonomic modules with regular singularities by using localizations at lifting Ore sets. w x w x In VE2 and LVO1 one of the key steps to arrive at the final result is to microlocally study finitely generated F R-modules. To this end, an isomor-
Q n,N ªQ n, N p has to be employed see the p 0 w x w x . proof of VE2, Corollary 4.12 , and the proof of LVO1 Lemma 4.6 . However, the proof of the fact that is an isomorphism given in both w x w x VE2 and LVO1 is rather complicated because the localized pseudonormal has been heavily used. In our case the exactness of the localization Ž . functor will enable us to obtain a similar isomorphism Lemma 3.5 and to Ž . locally study finitely generated F R-modules Lemma 3.6᎐Proposition 3.8 0 quite easily. After Theorem 3.9 we may complete our approach by mimickw x ing the argument of LVO1 .
To start with, we recall that a bideri¨ation on a commutative ring A is a ,b a , ␦ a, b b s b ␦ a, b q ␦ a, b b , for all a , a , b , b 
Ž . Ž .
' GŽR.
3.2. DEFINITION. Let R be a filtered ring with filtration FR such that Ž . G R is a Noetherian commutative ‫-ޑ‬algebra. Let I be a graded involu-' Ž . Ž tive radical ideal of G R i.e., I s K for some graded ideal K; for Ž . . example, we may take
' GŽR. 
Ž 
. elements of G R y p and T s G R y p . Using the notations as in
S R s S R, S R is strongly filtered, and F S R s S F R,
p p p 0 p p 0 0 0 Ž y 1 . y 1 F S R s S F R, n g ‫.ޚ‬ n p p n 0 Ž . y1 Ž . y1 Ž . y1 Ž . Ž y1 Ž ..
T G R s T G R , T G R is strongly graded and T G R
Let M be an R-module with good filtration FM and N an arbitrary 
Ž . '
we put I n s Ann Q n, N and J n s I n for all n g ‫,ޚ‬ then Ž .
Ž. as in LVO1 for a certain n we have I n s I n and J n s J n for
. thermore, let Min I n , resp. Min J N , be the set of all minimal prime Ž . Ž . Ž Ž . . divisors of I n , resp. J N , in Spec G R . Ž . Ž . w The proof of 1 , resp. 2 , is the same as the proof of LVO1, Lemma Ž .x 4.6 1, 2 .
. pose that N p is a finitely generated F S R -module, then Q n, N p 0 p s 0 for some nЈ G 0 and all n G nЈ. Therefore, for all n G nЈ, y1 Ž . Ž . Ž . T Q n, N s 0 by Lemma 3.5. However, J n : J N : p for all n G 0. 
COROLLARY. Let M be a holonomic R-module and N an F R-sub-
2 N p is a finitely generated F S R -submodule of S M for e¨ery
Ž .
Proof. This follows immediately from Lemma 3.5 1 , Lemma 3.6, and Corollary 3.7. w x Ž Finally, using the same technique as that in LVO1 i.e., a dictionary . between strongly filtered rings and filtered rings and replacing microlocal-Ž . 
Ž . Ž . 3 If G R is a gr-semilocal ring, i.e., it has only finite number of
. But then by Lemma 4.1 there must be some p g Spec G R such that y1 Ž .
Ž . where M M ranges over all maximal graded ideals of G R . Now the equality Ž y1 . follows from Lemma 4.1 and the well known fact that
Recall that a left and right Noetherian ring R is said to be an Ž . Auslander᎐Gorenstein Auslander regular ring if R has finite injective Ž . dimension global dimension , say , and satisfies the Auslander condition, i.e., for any finitely generated R-module M, any 0 F k F , and any k Ž . n Ž . Suppose that R satisfies the Auslander condition. Let N be any
Conversely, suppose that S y1 R satisfies the Auslander condition for
. n Ž . Spec G R . It follows from Lemma 4.1 that Ext N, R s 0 as wanted.
LIFTING STRUCTURE SHEAVES
Let R denote a filtered ring R with filtration FR such that its Rees ring Ž . R is left Noetherian and G R is commutati¨e and positi¨ely graded.
Our aim in this section is to lift the classical 
